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Abstract—Model-based iterative reconstruction plays a key role
in solving inverse problems. However, the associated minimization
problems are generally large-scale, nonsmooth, and sometimes
even nonconvex, which present challenges in designing efficient iter-
ative solvers. Preconditioning methods can significantly accelerate
the convergence of iterative methods. In some applications, com-
puting preconditioners on-the-fly is beneficial. Moreover, forward
models in image reconstruction are typically represented as opera-
tors, and the corresponding explicit matrices are often unavailable,
which brings additional challenges in designing preconditioners.
Therefore, for practical use, computing and applying precondition-
ers should be computationally inexpensive. This paper adapts the
randomized Nystrom approximation to compute effective precon-
ditioners that accelerate image reconstruction without requiring an
explicit matrix for the forward model. We leverage modern GPU
computational platforms to compute the preconditioner on-the-fly.
Moreover, we propose efficient approaches for applying the precon-
ditioners to problems with classical nonsmooth regularizers, i.e.,
wavelet, total variation, and Hessian Schatten-norm. Our numer-
ical results on image deblurring, super-resolution with impulsive
noise, and 2D computed tomography reconstruction illustrate the
efficiency and effectiveness of the proposed preconditioner.

Index Terms—Image deblur, super-resolution, CT reconstruc-
tion, Nystrom preconditioner, wavelet, total variation, Hessian
Schatten-norm.

I. INTRODUCTION

HE task of image reconstruction is to recover a clean im-
age from degraded measurements. Model-based iterative
reconstruction recovers a clean image x by solving the following

type of minimization problem:
mi x) + A g(x), 1
xdlg}v (x) g9(x) (1)
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where f(x) denotes a data-fidelity specifying the discrepancy
between the model’s predictions and the degraded measure-
ments, g(x) denotes a regularizer imposing prior information
on x, and A > 0 is a trade-off parameter to balance f(x) and
g(x). Both f(x) and g(x) can be nonsmooth and nonconvex.
This paper focuses on linear inverse problems of the form

.1 .
min — ||Ax—y|\§ +21g(x), 2)
XGRN p%’_/
f(x)

where A € RM*N with M < N denotes the forward operator,
which maps the unknown image x to the measurements y. In
this paper, we assume p € (0, 2].

In practice, the matrix A is under-determined or ill-
conditioned and the measurements are noisy, so one uses a
regularizer g(x) to stabilize the solution. Typical regularizer
choices that are effective include wavelet sparsity [1], total varia-
tion (TV) [2], dictionary learning [3], and low-rank models [4].
When using such hand-crafted regularizers, we refer to (1) as
variational image reconstruction. Over the past decades, deep
learning (DL) [5] has received significant attention in the field of
image reconstruction. Instead of using hand-crafted priors, DL-
based methods learn implicit priors from massive training data.
This includes end-to-end learning [6] and physics-informed
deep unrolling [7], [8]. Alternatively, one can use plug-and-play
(PnP) [9], [10], [11] or regularization by denoising (RED) [12],
[13] where one trains a deep denoiser [14] first and then uses it as
an implicit prior for general inverse problems. Recently, building
priors with generative models, such as diffusion models, has also
attracted much attention. We refer the reader to [15] for a survey
of those directions.

While deep learning methods often outperform variational
methods in many applications, variational image reconstruc-
tion [16],[17],[18], [19] offers significant advantages in terms of
interpretability, theoretical guarantees, and robustness to noise
or distribution shifts. Variational methods do not require large
training datasets and provide predictable, stable behavior. More-
over, they allow for easier customization of priors based on
domain knowledge, making them particularly suitable for appli-
cations where interpretability and reliability are critical, such as
medical imaging. Recent work has also shown that novel neural
network structures can be derived from variational methods,
yielding state-of-the-art performance [20], [21], [22], [23], [24].
Therefore, this paper considers hand-crafted regularizers for
(2). Specifically, we consider g(x) = ¥(Lx) where L € RL*N
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refers to the regularization operator and ¥(-) denotes an energy
function. A typical choice of W(+) is a norm or quasi-norm.

A. L, — {4 Image Reconstruction

Forp € (0,2], we consider ¥(-) = || - [|§ with ¢ € (0,2] and
(2) becomes

1 1
in —||Ax — y||? + = ||Lx]|, 3
gﬂl@r}vpll x—yllp+ qll x||g 3)
—_— ——
1) eS

which is known as the £, — ¢, problem [16]. For p, ¢ < 1, both
f(x) and g(x) are nonsmooth. To address the nonsmooth chal-
lenge, Clason et al. considered (3) in its dual formulation [25],
where the objective function becomes differentiable, at the cost
of additional box and linear equality constraints. For general
p, q € (0,2), Huang et al. [26] first smoothed f and g and then
applied the majorization-minimization for the smoothed prob-
lem, leading to an inner least-squares problem. Then, [26] used
the Krylov subspace to represent the image, thereby reducing
the dimension of the associated least-squares problem to that of
the subspace. Consequently, it can be solved efficiently using a
direct method. Following the same strategy, Buccini et al. [27]
applied modulus-based iterative methods [28] to the smoothed
problem to address the nonegativity constraint. Alternatively,
Chan et al. [29] solved (3) with a half-quadratic algorithm.
Lanza et al. [30] proposed a generalized Krylov subspace (GKS)
method to reduce computation of the method in [29] by assum-
ing that the signal can be represented in a subspace. Gazzola
et al. [31] presented two flexible Krylov subspace methods for
sparse reconstruction.

The solvers discussed above for (3) can be considered as
iteratively reweighted methods (IRMs) [16] because we even-
tually need to solve a linear equation (19) with updating of
the associated weightings at each iteration. For completeness,
Section III-A describes one type IRM for (3). Typically the
appealing conjugate gradient (CG) method is chosen to address
the associated linear equation. However, the convergence of
CG can be extremely slow for some problems, especially for
p, q < 1, as the problem becomes nonconvex. Preconditioning
methods [32], [33] are widely used to accelerate the convergence
of CG. Because the weightings W% and W/ (defined in (17))
change at each iteration, an effective preconditioner should
change at each iteration, so computing such a preconditioner
must be computationally inexpensive.

B. {5 With Mixed Norm Image Reconstruction

When p = 2, we consider ¥(-) to be an ¢; 4 mixed norm (i.e.,
IVI[1.e = 3%, [[vi]ls with ¢ > 1 and v; denoting the Ith group
of V={vy,va,...,vg}), for which we can develop more
efficient approaches than IRM to solve (3) and a broader range of
choices for L. Moreover, we can also address convex constraints
C easily. Dividing the components of  into G groups, the mixed
norm {1 4 is defined by applying an £, norm to each group and
then applying an ¢; norm to the entire set of groups. Specifically,
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we address
o1
m1n7||Ax—y||§—|—)L ILx]1,6 - 4)
xeC 2 —————’
[
f(X) g(x)

When L is a first-order differential operator and ¢ = 1 (respec-
tively, ¢ = 2), then (4) represents the anisotropic (respectively,
isotropic) TV-based reconstruction. When L denotes the second-
order finite-difference operator, then (4) becomes the Hessian
Schatten (HS) norm based reconstruction [34]. Appendix A
presents an explicit form for ||Lx||; 4 for various L to clarify
the definition of mixed norm.

Since (4) is a standard composite minimization problem, an
appealing algorithm for solving it is the accelerated proximal
gradient (APG) method [35]. Alternatively, one could use a
primal-dual method [36], [37] or ADMM [38] etc. To accelerate
the convergence of solving (4), one can adoapt a quasi-Newton
proximal method that uses second-order information [39], [40],
[41]. However, the efficiency of using a quasi-Newton proximal
method depends highly on the accuracy of approximating the
Hessian matrix of f(x) and the efficiency of solving the asso-
ciated weighted proximal mapping (WPM, defined in (5)). For
¢ = 2, g(x) reduces to the group sparsity case, for which one
can adapt a flexible Krylov subspace method [42] to solve (4).

1) Previous Work on Preconditioning Methods in Image
Reconstruction: Preconditioning methods are used widely to
accelerate the convergence of iterative methods [43] in scientific
computing and have been extended to accelerate the conver-
gence of image reconstruction. Clinthorne et al. [44] applied a
spatially invariant preconditioner to accelerate the convergence
of reconstructing single-photon emission computed tomography
images with quadratic g(x). Fessler et al. [45] proposed a
shift-variant preconditioner for accelerating positron emission
tomography (PET) reconstruction with non-quadratic smooth
g(x). Lin et al. [46] derived cosine transform and incomplete
factorization based preconditioners for image super-resolution
task with smooth g(x). Pelletier et al. [47] developed a block cir-
culant with circulant block preconditioner for edge-preserving
image super-resolution. The authors in [48], [49] considered
diagonal preconditioners for accelerating PET and magnetic
resonance imaging reconstruction. To reduce the computation
of computing WPM, [50] discussed an unmatched precondi-
tioner method for image reconstruction by computing WPM
approximately. To address the nonsmoothness of g(x), Koolstra
et al. [51] adapted the preconditioner to ADMM to accelerate
the convergence of solving the associated least-squares problem.
By leveraging deep learning, [52] proposed an approach to
learn preconditioners to accelerate the convergence of image
reconstruction.

C. Our Contribution

The preconditioners discussed in Section I-B1 were either
used for smooth g(x) [44], [45], [46], [48], [49] or applied
to a nonsmooth g(x) after smoothing [47]. Moreover, the pre-
vious methods require domain knowledge because they were
developed for specific applications, making them difficult to
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generalize to other applications. Although the preconditioners
proposed in [51], [52] can be used to address nonsmooth g(x),
the convergence rate of ADMM is only O(1/k). To address
these challenges, we adapt the randomized Nystrom approxi-
mation (RNA) [53], [54] to design an effective preconditioner,
called randomized Nystrom preconditioner (RNP), to accelerate
variational image reconstruction. Our main contributions are
summarized as follows.

e To the best of our knowledge, this is the first work to adapt
RNP to accelerate image reconstruction with nonsmooth
regularizers. Computing RNP requires only the evaluation
of Ax and ATx (T denotes the transpose operator), and
does not require to access the explicit matrix A or knowl-
edge of any specific structure of A. Therefore, RNP can
generalize to a wide range of applications.

® By leveraging modern high-performance GPU computa-
tional platforms, we compute RNP on-the-fly, allowing it
to accelerate IRM for (3) in a computationally efficient
way. Our numerical experiments on image deblurring and
super-resolution with impulsive noise showed that, by us-
ing RNP, we can reduce wall time by more than 90%. To the
best of our knowledge, this is the first work to consider the
use of hardware platform in conjunction with computing
preconditioners on-the-fly in image reconstruction.

® We show how RNP can be adapted to directly address
nonsmooth ¢g(x). Specifically, we propose efficient ap-
proaches for integrating RNP with APG to solve (4). Our
experiments on computed tomography (CT) reconstruction
with wavelet, TV, and HS norm regularizers demonstrate
that RNP can significantly accelerate the convergence of
APG.

D. Preliminaries and Roadmap

This subsection introduces some definitions and a theorem
that will be used frequently in the subsequent discussion, and
then presents a roadmap of this paper.

Definition 1 (Weighted proximal mapping (WPM)): Given
a proper closed convex function h(x), a symmetric positive-
definite matrix W = 0 € R¥*N and A > 0, the WPM associ-
ated with h is defined as

1
proxyx(x) = arg min <)Lh(u) + —|ju— XH%V) ., (%)
ucRN 2

where ||x||w = vxTWx denotes the W-norm.
For W =1, (5) simplifies to the proximal mapping:

1
prox,, (x) = arg min Ah(u) + = |lu —x||3. (6)
uckN 2

If h(x) is a characteristic function

wo-{ 2 35

then the proximal mapping becomes projection onto the set C.

In general, computing a WPM (5) is computationally expen-
sive. However, when W is represented by a diagonal matrix
plus a rank-r correction, then we can use Theorem 1 to compute
WPM relatively cheaply.

IEEE TRANSACTIONS ON COMPUTATIONAL IMAGING, VOL. 11, 2025

Theorem 1 ([40], Theorem 3.4): Let W = D £ UUT, W »~
0 € RV*N and U € RY*". Then, it holds that

prox}) (x) = prox;, (x £ D7'UY"), (7)
where v* € R" is the unique solution of
U’ (x — prox?h (x F D_lU'y)) +~v=0. (®)

Semi-smooth Newton methods can solve (8) efficiently [40],
[55], [56].

The rest of this paper is organized as follows. Section II
describes how RNA can be a preconditioner for linear equations.
Section III shows how to adapt RNP to accelerate IRM and APG
for solving (3) and (4), respectively. Section IV presents nu-
merical experiments on image deblurring and super-resolution
with impulsive noise and computed tomography reconstruction
to demonstrate the effectiveness and efficiency of using RNP
for acceleration. Section V presents the conclusion and future
work. Code to reproduce the results in the paper is available at
https://github.com/hongtao-argmin/RNP- AccImageRecon.

II. RANDOMIZED NYSTROM APPROXIMATION

The Nystrém method provides a way to build a low-rank
approximation for a symmetric positive semidefinite (SPSD)
matrix ® = 0 € RV*N Let © € RV*X be an i.i.d. Gaussian
random test matrix [53], [54] with sketch size K > 1. The
Nystrom method uses the following formula as a low-rank
approximation of ®, called the Nystrom approximation

@ (Q) = (2Q)(QT2Q) (2Q)T, )

where T denotes the pseudo-inverse. Clearly ® (Q2) is also a
SPSD matrix and its rank is at most K [57, Lemma A.1]. Be-
cause a direct implementation of (9) is numerically unstable, we
adopt the robust scheme proposed in [53], which is summarized
in Algorithm 1. This algorithm computes U and S such that
& (Q) = USUT, although this product is not formed explicitly
in practice.

Many scientific computing applications [58] require solving
the following linear equation:

(@ +pl)x=b, u>0. (10)

Using RNA to formulate a preconditioner to address (10), the
associated formulations of RNP and its inverse [54] are as
follows:

P= U(S + pI)UT 4 (1 - UUY),

S+

P! = (b5 +p)US +pD)'UT + 1-UUT), 1)
where 5 is the Kth eigenvalue of ® (£2). U and S are defined
in Algorithm 1. Let degr(1) = tr(®(® + pI)~1) be the effective
dimension. Then, we have the following theorem to describe the
condition number of (® + pI) after using RNP, which reveals
the effectiveness of RNP.

Theorem 2 ([54], Theorem 5.1): Suppose we build the
Nystrom preconditioner through (11) with sketch size K =
2[1.5deg(p) + 1]. Then using P as the preconditioner for
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Algorithm 1: Nystrom Approximation.

Initialization: Sketch size K, machine accuracy ¢, and
symmetric positive semidefinite operator & € RV*V,
Output: U € RV*K § ¢ REXK,
Generate a random matrix € RV*K
Y = &Q ¢ RV*K
v=clQr
Y, =Y +0vQ
C = chol(Q1Y,) € RE*K 9 Cholesky decomp.
B=Y,C T ecRV*K
[U,S,~] = SVD(B)
: S = max{0,S? — oI}

A A T ol e

(® + uI) results in the expectation of condition number bound
E[x(P~Y2(® + pul)P~1/?)] < 28,

where x(-) denotes the condition number function.

Theorem 2 shows that, by choosing an appropriate sketch
size K, RNP can significantly reduce the condition number of
(® + pI). Thus, one can significantly accelerate the conver-
gence of iterative methods for solving (10) with RNP. How-
ever, in practice, computing de is computationally expensive.
Moreover, the value of K = 2[1.5de (1) + 1] canbe very large,
which will significantly increase the computation of computing
and applying RNP. In our experimental settings, we found that
using a moderate value for K is sufficient. We refer the reader
to [53], [54], where the authors discussed more theoretical prop-
erties of using RNP for considering (10). The main purpose of
this paper is to study how to adapt RNP to accelerate variational
image reconstruction, focusing on evaluating its effectiveness
and efficiency. We also refer the reader to [54], [S7], [59] and the
references therein that discuss using RNP for other applications.
Although Theorem 2 presents the split preconditioner P~1/2, we
use P! in practice for simplicity.

III. ON ADAPTING NYSTROM PRECONDITIONERS IN IMAGE
RECONSTRUCTION

For impulsive noise, a natural data-fidelity term is the ¢,
quasi-norm with p < 1, allowing image reconstruction by solv-
ing the ¢, — £, problem. When the noise is assumed to be i.i.d.
Gaussian, we use the ¢5 norm as the metric in the data-fidelity
term, resulting in the /5 — ¢; 4 problem. This section presents
two baseline algorithms for solving ¢, — ¢, and {5 — {1 4, and
then study how they can be accelerated using RNP.

Following we first describe IRM in Section III-A and then
show how RNP can be adapted to accelerate IRM for solving
(3) efficiently. Because the weightings in IRM change at each
iteration, computing RNP must be computationally inexpensive.
We leverage the modern GPU computational platform and the
PyTorch library to present an on-the-fly implementation for
computing RNP at the end of this section. Additionally, we
show how RNP can be incorporated with APG [60] to efficiently
handle (4). Furthermore, we propose efficient approaches to
solve the associated WPM to reduce the computational cost
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involved in applying RNP. We consider separately the £,, — £,
and ¢y — {7 4 cases.

A. (, — L, Image Reconstruction Acceleration

Following [29, Lemma 1], we represent the pth power of r €
R\ {0} with0 < p < 2 as

1
r[P = min< Br? + } , (12)
i >0{ by B
%
where a,, = 3% and b, = = —2" are two positive scalars.
. (2-p)p77
The minimizer of (12)is
g — gmp—?. (13)

For the singular case, r = 0, we simply set ||, = v/r2 + € with
€ > 0, following [29].
Representing (3) in a component-wise form, we get

1
Inxln];le:lKAX)m ZZ| LX a

195 =
where (Ax),, and y,, represent the mth element of Ax, y,
respectively. (Lx)lC denotes the (th element in the /th group
of Lx. Here, we assume each group has the same number of
elements and consider cases where each group represents a scalar
or vector. Here, 7 denotes the number of elements in each group.
Using (12), we rewrite (14) as

- ynL|p (14)

M
. 1
min F'(x,v,z) = — (v | (AX) = ym|?
v>b, p m=1

z>0

A
) S (s

1 >
bq(zlc)a“ ’

15)

where v,, and zl< denote the m and (I — 1)7 + (th element
of v and z, respectively. By using an alternating minimization
algorithm, IRM [16] solves (15) by successively updating v, z,
and x. Algorithm 2 summarizes the IRM steps. Using (13), we
derive closed-form solutions for v* and z* at steps 2 and 3 of
Algorithm 2, i.e.,

b= LI(Ax") —yl? and 2F = JILxF0 2 (16)
where the powers (p — 2) and (¢ — 2) are element-wise.
By defining
2 2
W/ = diag (vk> and W} = diag <zk> ; (17)
p q

the minimization problem at step 4 of Algorithm 2 becomes

k

: 2 2
x* = arg min A — [y, +2[Lxly.  (8)

The first-order optimality condition of (18) is given by
Pix=ATWhy, &,=ATWJA+IL"WIL. (19)
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Algorithm 2: Alternating Minimization Method for Solving

(15).

Initialization: Initialization x°, tolerance &, and maximum
number of iterations Max_Iter.

Output: x*.

l:for k =1,2,..., Max_Iter do

2 vF=argmingso F(xF! v,z 1)
3: z" = argmin,~o F(x* 1, v¥, 2)

4: xF = argmin, F(x,v*,z*)

5 if W < ¢ then

6: break

7 end if

8: end for

9: x* = xV

Since the Hessian ®,, is a SPSD matrix, we use CG to solve
(19). However, solving (19) is time-consuming when ® is
ill-conditioned. We use (11) to construct a preconditioner for
@), and apply the preconditioned CG (PCG) method to solve
(19). Because WS% and W’; change at each iteration', computing
P in (11) must be computationally inexpensive. Section III-C
discusses an on-the-fly implementation of RNP to address this
computational issue. If p, ¢ = 2, then (3) is a quadratic mini-
mization problem, allowing us to directly apply PCG with RNP.
When p = 2 and ¢ # 1, IRM is still applicable, but APG is more
efficient, as discussed in the following subsection.

B. 05 — {y,4 Image Reconstruction Acceleration

APG, which only uses first-order information and achieves
the optimal worst-case convergence rate of O(1/k?) [61], is
an appealing algorithm for addressing (4). To further accelerate
the convergence of APG, we adapt RNP to APG, resulting in
the weighted accelerated proximal gradient (WAPG) algorithm
that is summarized in Algorithm 3. For any x;,xs € RY, the
Lipschitz constant Lfc’ of f with respect to the P-norm satisfies
the following inequality

P (Vf(x1) = VF(x2))llp < LT [x1 — x2]p.

If f, g are convex, the worst-case convergence rate of the cost
2LP xl _x* 2
f(ll‘c+1)2 le [62,
Chapter 10.7.5] where x! and x* are the initial and optimal val-
ues, respectively. Clearly, for P = I, WAPG simplifies to APG.
By choosing a suitable P, one can expect a lower bound than
P =1 yielding faster convergence. Indeed, our experimental
results in CT reconstruction illustrate the faster convergence of
WAPG with RNP, i.e., experiments in Section IV-B and I'V-C.
For noninvertible L, the associated WPM in Algorithm 3
generally does not have a closed-form solution, even with P = 1,
so WPM requires iterative methods. Following [56], we solve
WPM using its dual problem to address the nonsmoothness of
g(x). Moreover, compared with computing WPM with P =1,

(20)

function sequence generated by Algorithm 3 is

"Note that W* and W’g are changed at each outer iteration but remain
unchanged within CG iterations when solving (19).

IEEE TRANSACTIONS ON COMPUTATIONAL IMAGING, VOL. 11, 2025

we show that solving WPM with RNP negligibly increases
computation. Whereas [56] only discussed constrained TV reg-
ularization, we generalize their derivation to an abstract L with
mixed norm in this work.

Computing WPM at step 2 of Algorithm 3 at kth iteration is
equivalent to solving

1 s
min =[x — s[5 + A Lx] 16,

(21)
where s¥ = u*~! — aP71V f(u*~!)and A = ai. By using the
dual representation

ILx|[1,6 = Qmax (Q,Lx) , (22)
where B  denotes the /., , mixed unit-norm ball, i.e.,
Boo.w:{Q:{q17q27"'7qG}: quHU) S 1 Vl}, (23)
andy > 1 satisfies + + U = 1, we rewrite (21) as
min max fo —s"|Z + 2 <LTQ X), (24)

x€C Q€B. y 2

where L7 denotes the adjoint of L. Denote by V = Lx with
V = {v1,Vva,...,vq}. The inner product in (22) is defined as
chi1 (qi, vi). Reorganizing (24), we get

max min|[x — (s* —AP7'L7 Q)%

Q€eBy R xeC
—|Is* = aP L7 Q|3. (25)

Because x appears only in the first term of (25), the minimizer
of x is exactly the WPM associated with d¢:

X" = prox}, (s —AP7'L7 Q). (26)
Substituting (26) into (25), we get
* : k Tp-11 T 2
= —\P
Q' =arg min s L' Qllp
- Hproxg(sk —APL7 Q)
_ 2
_(sF - /\P’lLTQ)HP @7

Following [56], the gradient and the corresponding Lipschitz
constant of the objective function in (27) are

—2aL proxj, (s* — AP 'L Q), (28)

and 20F, 2.2||L||2, respectively. o, is the smallest eigenvalue
of P. Since the objective function in (27) is differentiable, we
apply APG to solve (27). After getting Q*, we compute

1 = prox}, (s* — AP 'L7Q").

(29)

Both (28) and (29) require computing pr0x5PC (-)and P~1, which
can be computationally expensive for a general P. A natural
way to choose P is to approximate the Hessian ATA. By
using RNP, P (see (11)) can be rewritten as I+ UU " with
U=U,/:1
applied elementwise. Clearly, P has the same structure as W
proposed in Theorem 1, so getting prox(;PC (+) reduces to address-
ing a nonlinear (8). Thus, the total computation for proxépc(~)

(S + uI) — I, where the square root here is
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Algorithm 3: Weighted Accelerated Proximal Gradient
(WAPG) Method.

Initialization: Initialization u', x*, stepsize o, t° = 1, P,
and maximum number of iterations Max_Iter.

Olltpl.lt' XMax_Itcr
l:for k =1,2,..., Max_Iter do

2 xktl = prox%)m\)g%c (u* — aP~ 1V f(u"))
e
= 2
40 ubtl = gkt g tk‘;;,l(xk+1 — xk)
5: end for

can be dramatically reduced, as demonstrated by our numerical
experiments in Section IV-B. Note that 5 is the Kth eigenvalue
of @ (), so the last column in U will be a zero vector. In
practice, we found that using /55 instead of 3x resulted in
faster convergence. So, in this paper, we use 85 + /5x in
(11). Since U is an orthogonal matrix, we have . = 1, so the
Lipschitz constant of the cost function in (27) becomes 212 || L||2.
When L is invertible and C =RY, we can rewrite
4) as
. 1 11— 2 —
min {|ALX — y|[z + AX]1e, (30)
%eRN 2
where x = L™ !'%. If ¢ =1 and L refers to a wavelet trans-
form, (30) represents wavelet-regularized reconstruction. In
such cases, we do not need to compute WPM iteratively,
saving further computation. By setting P to approximate
(L Y)7TATAL! with RNP, we only need to solve a small
nonlinear equation to compute the associated WPM. We did
not observe any degradation in our subsequent CT reconstruc-
tion when using (30), even though it does not account for the
constraint C.

C. Implementation Details of On-the-Fly RNP Method

Sections III-A and III-B show how to adapt RNP to accelerate
IRM and APG for (3) and (4), respectively. However, if com-
puting RNP is expensive, then using RNP may lose its practical
utility. Indeed, in (19), W’JE and W’gf change at each iteration, so
the preconditioner should be recomputed. Therefore, the entire
algorithm may be slower in terms of wall time than one without
using RNP if obtaining RNP is computationally expensive.

Algorithm 1 shows that, to compute RNP, one must eval-
uate €. Each column of €2 represents an image. In image
reconstruction A and L are represented as operators, so the
associated ® is also an operator, such as ® = AT A in (4) and
® = (L H)7ATAL™! in (30). For some A and L, evaluating
Ax and Lx many times could be computationally expensive.
Moreover, in practice, one computes ®€2 by applying P to
each column of €2 sequentially, which could be slow when K
is moderately large. So step 2 in Algorithm 1 will dominate the
overall computation, making it crucial to significantly reduce
this computational cost.

On classical CPU computational platforms, a parallel scheme
may be used to evaluate $2. However, a central server still must
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collect the results to formulate Y, making communication time
a potential bottleneck. Modern machine learning libraries (e.g.,
PyTorch [63] and TensorFlow [64]) support a batch mode, al-
lowing efficient parallel computation of ®£2. Additionally, these
libraries are highly optimized for modern GPU computational
platforms, and the batch mode is easy to implement with basic
Python knowledge. These features enable us to compute RNP
on-the-fly. Table II presents the wall time of computing RNP
for CT reconstruction with different acquisitions on CPU and
GPU computational platforms, clearly showing the advantage
of using GPU. However, RNP requires storing an additional
K images. As a result, it may encounter memory limitations
when handling high-dimensional images on a GPU platform.
Therefore, developing a memory-efficient approach to apply
RNP to high-dimensional images would be an interesting future
direction.

Remark 1: In this section, we introduce IRM (respectively,
WAPG) for solving (3) (respectively, (4)) and discuss how
RNP can be incorporated for acceleration. However, in some
special cases, e.g., p =2 and C = RY, (3) is identical to (4).
This naturally raises the question of how to choose between
IRM and WAPG. From our experiments, when both IRM and
WAPG are applicable, we find that IRM converges faster than
WAPG in terms of iterations. However, since IRM requires more
computation per iteration than WAPG, we consistently observe
that WAPG converges faster than IRM in terms of wall time. We
validate this observation in Section IV-A4 and Section IV-B1. In
this paper, we only consider linear inverse problems. However,
we believe that RNP also has the potential to accelerate nu-
merical solvers for nonlinear inverse problems. One example is
the full-waveform inversion [65] in geophysics, where truncated
Newton methods are among the appealing algorithms. However,
one needs to solve a linear equation at each iteration, and the
related coefficient matrix (i.e., the Hessian matrix) changes at
every iteration. So using effective on-the-fly preconditioners
could significantly accelerate the numerical efficiency. We leave
the investigation of this direction for future work, as it is beyond
the scope of this paper.

IV. NUMERICAL EXPERIMENTS

This section studies the performance of using RNP on three
different image reconstruction tasks: image deblurring and
super-resolution with impulsive noise, and CT. Following [16],
we use a TV regularizer for image deblurring and super-
resolution tasks. For CT reconstruction, we consider wavelet,
TV, and HS norm regularizers. Table I presents the associated
minimization problems and regularizers for different image
tasks in this part. The trade-off parameter A is selected through
a grid search to maximize the PSNR. All experiments were
implemented with PyTorch and run on an NVIDIA GeForce
RTX 3090.

A. Image Deblurring and Super-Resolution

For the image deblurring task, we first degraded the test
images by convolving them with two different 9 x 9 kernels:
a uniform blur and a Gaussian blur with a standard deviation
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TABLE I
THE ASSOCIATED MINIMIZATION PROBLEMS AND THE USED PRIORS FOR DIFFERENT IMAGING TASKS. V AND V2 REFER TO THE FIRST- AND
SECOND-DIFFERENCE OPERATORS, RESPECTIVELY.

Image Task Problem q/P L
Debluring/Super-Resolution (3) with p € (0,1] g=1 V, TV
(30) ¢=1 wavelet
Computed Tomography 4) =1 V, TV
“ 9=1,200 VZ, HS
TABLE II
COMPARISON OF WALL TIME FOR OBTAINING RNP IN COMPUTED TOMOGRAPHY RECONSTRUCTION ON CPU AND GPU.
Parallel-beam Fan-beam
Wavelet TV HS Wavelet TV HS
K 20 20 100 20 20 100
GPU 0.11s 0.10s 0.40s 0.11s 0.09s 0.46s
CPU 0.48s 0.40s 4.20s 0.48s 0.52s 4.25s
of 1.6. In the image super-resolution task, we generated the 40 40
low-resolution image by convolving the high-resolution with a %
. . . . 5
7 x 7 Gaussian blur with a standard deviation of 1.6, followedby 5 - ’
downsampling with a factor of 2. We added 5% salt-and-pepper gz é"
noise to the degraded images.” The supplementary material also 2 e RIS
. . . . S 25
reports the performance of using RNP with different noise levels. A
—P -0 -4
10° 102

We set the sketch size K = 100 and tolerance ¢ = 10~ in Al-
gorithm 1 and PCG, respectively. Similar to [12], the restoration
of an RGB image was conducted by converting it to the YCbCr
color-space first. Next, we applied the reconstruction algorithm
to the luminance channel only and then transformed the result
back to the RGB domain. For the deblurring task, we simply
applied a median filter to the chroma channels for denoising.
For the super-resolution task, we first used a median filter to
denoise the chroma channels and then applied bicubic interpo-
lation to upscale them to the desired resolution. Moreover, the
peak signal-to-noise ratio (PSNR) values of RGB images were
evaluated on the luminance channel only. We used £, — ¢; to
denote the method with different p. For the one using RNP, we
added “P-",i.e., P — ¢, — {;.
1) Image Deblurring: Fig. 1 presents the PSNR values ver-
sus iteration and wall time for different p. The first (respec-
tively, second) row of Fig. 1 was tested on the starfish (re-
spectively, leaves) image with uniform (respectively, Gaussian)
blur. Fig. 1(a) and (c) show a small p yielded a higher PSNR
than a large p. It is not surprising because a small p is more
robust to outliers [66]. However, (3) becomes nonconvex for
p < 1, so solving (3) is more challenging. Indeed, Fig. 1(b)
and (d) illustrate that a small p required much more wall time
than a large one. Fig. 1 illustrates that using RNP significantly
accelerated the convergence speed in terms of wall time. The
time for computing RNP was included in the whole wall time.
From Fig. 1(b) and (d), we even saw P — ¢ 5 — ¢1 converged
faster than ¢; — /1 in terms of the wall time illustrating the
effectiveness of using RNP. Fig. 2 describes the number of
iterations within CG at each iteration of IRM for different p,
with the uniform and Gaussian kernels for the starfish and
leaves images, respectively. Using RNP reduced the number

2We first randomly chose 5% of the pixels and set them to 1, and then randomly
selected another 5% of the pixels and set them to 0.

0 5 10 15

Iteration Wall Time (Minutes)

(a) Uniform blur. (b) Uniform blur.

PSNR (dB)

'
1
'
'
'
1
I
'
'
L

10° 102
Wall Time (Minutes)

(d) Gaussian blur.

2 5 8
Iteration

(¢) Gaussian blur.

Fig. 1. PSNR values versus iteration and wall time for different p in the
image deblurring task. First (respectively, second) row is tested on the starfish
(respectively, leaves) image.

No. Iter. CG

Iteration

(b) Leaves & Gaussian blur.

Iteration

(a) Starfish & uniform blur.

Fig.2. Number of iterations within CG for different p in the image deblurring
task. The legend is identical to Fig. 1.

of iterations required by CG more than 90%, while achieving
the same solution accuracy. The first and second rows of Fig. 3
present the noisy, reconstructed, and ground truth images, where
the degradation is reduced significantly.
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Fig. 3.

The reconstructed images for different p on the image deblurring (first and second rows) and super-resolution (third row) tasks. The PSNR value is labeled

at the right bottom corner of each image. The first and fifth columns are the noisy measurement and the ground truth, respectively. The first (respectively, second)
row is the reconstructed starfish (respectively, leaves) image at 10th (respectively, 6th) iteration for the image deblurring task with uniform (respectively, Gaussian)
blur. The third row is the reconstructed bike image at 7th iteration for the image super-resolution task with a downsampling factor 2 and 5% salt-and-pepper noise.

TABLE III

COMPARISON OF PSNR AND ST FOR DIFFERENT p IN THE IMAGE DEBLURRING TASK WITH UNIFORM AND GAUSSIAN BLURS. WE RAN IRM 20 ITERATIONS ON
EACH IMAGE AND PRESENTED THE HIGHEST PSNR VALUES WITHIN THESE 20 ITERATIONS ALONG WITH THE ASSOCIATED ST VALUES. THE HIGHEST PSNR AND
ST VALUES FOR EACH IMAGE ARE MARKED IN BOLD.

Image Butterfly Boats C. Man House Parrot | Barbara [ Starfish [  Peppers |  Leaves
Deblurring: Uniform blur, 5% salt-and-pepper noise
PSNR ST | PSNR ST | PSNR ST | PSNR ST | PSNR ST | PSNR ST | PSNR ST | PSNR ST | PSNR ST
p=1 31.6 0.94] 329 094] 31.8 095] 359 093] 323 095| 279 0.95]| 30.8 0.94| 322 094] 30.7 0.94
p=0.8 35.3 0.96| 359 0.95| 35.1 097| 387 096| 357 0.97| 31.1 0.97| 342 096| 352 0.96| 34.7 0.96
p=20.5 39.9 0.98| 39.9 0.97| 38.8 0.98 | 42.5 0.98 | 39.2 0.98| 34.9 0.98| 38.4 0.98| 38.8 0.98 | 39.7 0.98
Deblurring: Gaussian blur, 5% salt-and-pepper noise
p=1 29.5 0.95| 309 0.96| 294 097| 341 096| 319 096| 281 0.97| 29.9 0.96| 31.3 0.95| 29.7 0.96
p=0.8 31.5 098 329 098 31.5 0.98| 356 0.98| 33.5 098| 30.3 098| 31.9 098 325 098| 31.5 0.98
p=0.5 33.5 0.99| 35.2 0.99| 33.5 0.99| 374 0.99| 34.9 0.99| 31.9 0.99| 33.7 0.99| 34.1 0.99| 33.3 0.99
TABLE IV

COMPARISON OF PSNR AND ST FOR DIFFERENT p IN THE IMAGE SUPER-RESOLUTION TASK. WE RAN IRM 20 ITERATIONS ON EACH IMAGE AND PRESENTED THE
HIGHEST PSNR VALUES WITHIN THESE 20 ITERATIONS ALONG WITH THE ASSOCIATED ST VALUES. THE HIGHEST PSNR AND ST VALUES FOR EACH IMAGE ARE

MARKED IN BOLD.

Super-resolution: scaling = 2, 5% salt-and-pepper noise

Image Butterfly Flower Girl Parth. Parrot Racoon Bike Hat Plants
PSNR  ST|[PSNR ST|[PSNR ST|[PSNR ST|PSNR ST[PSNR ST|[PSNR ST|[PSNR ST|[PSNR ST
p=1 25.6 0.74| 274 0.74| 31.6 0.78| 24.5 0.43| 275 0.76] 27.3 0.68| 23.2 0.76| 294 0.76| 31.9 0.76
p=0.8 27.1 0.94] 287 093| 325 091| 254 091 286 0.94] 284 090| 24.3 0.93| 303 0.94] 33.3 0.92
p=0.5 || 28.1 0.96| 29.6 0.97| 33.1 0.96 | 25.9 0.96 | 29.7 0.97| 29.4 0.97| 25.3 0.97| 31.4 0.96 | 34.4 0.96

To quantitatively measure the performance of using RNP, we

define a “saved time” (ST) criterion:

Timey,,

ST — Timey,, — Timey

)

3D

where Time,, and Time,,, denote the wall time with and without

using RNP, respectively. If ST is close to 1, then using RNP
significantly reduced the wall time. To study the performance
of RNP further, we tested on additional 8 images. We ran
IRM 20 iterations for different p. Table III presents the highest
PNSR and the associated ST value for each image within 20
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Fig.4.  PSNR values versus iteration and wall time for different p in the image
super-resolution task.
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Fig. 5. Number of iterations within CG for different p in the super-resolution
task. The downsampling factor is 2. The legend is identical to Fig. 4.
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Fig. 6. Comparison of different K in the image deblurring task with Gaussian

kernel on the leaves image for p = 0.5. (a): the number of iterations within CG Fig. 8. L? Hxl —x* H% values versus different K for fan-beam and parallel-
in each iteration; (b): PSNR values versus wall time. beam acquisitions.

iterations. Using RNP saved more than 95% wall time than
without RNP, illustrating the effectiveness and efficiency of
using RNP. Moreover, Table III also shows that a smaller p
yielded a higher PSNR.

2) Image Super-Resolution: Fig. 4 shows the PSNR values
for different p in the image super-resolution of the bike image.
The results are consistent with the trends in Section IV-Al,
where a small p yielded a higher PSNR than a larger one and
using RNP significantly accelerated the convergence speed in
terms of wall time. Moreover, Fig. 5 presents the number of
CG iterations for different p; the preconditioned one required
fewer iterations illustrating the effectiveness of using RNP. The
third row of Fig. 3 presents the reconstructed images, where Fig. 9. Ground truth CT images.
we observed that a small p yielded a higher quality image. We

(b)
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The parallel-beam CT reconstructed images with wavelet, TV, and HS; based regularization at iterations 10, 20, 40, and 60. Columns 1, 3, 5, and 7

(respectively, 2, 4, 6, and 8) show the reconstructions without (respectively, with) RNP. The associated PSNR values are listed at the right corner of each image.

tested on additional 8 images to study the performance of using
RNP further. Table IV shows using RNP saved almost 70%
(respectively, 95%) time for p = 1 (respectively, p = 0.5) in line
with the observation in Section IV-Al.

3) The Choice of Sketch Size: From Theorem 2, one option
for choosing the sketch size is to set K = 2[1.5deg (1) + 17.
However, degr(11) is difficult to compute in practice. Moreover,
dege(1) can be extremely large, making computing RNP time-
and memory-intensive, even with an on-the-fly implementation.
Indeed, for an extremely large K, steps 5-7 in Algorithm 1
will dominate the computation instead of step 2. Furthermore,
applying RNP can be also expensive for an extremely large K.
Murray et al. [67] presented an adaptive strategy to update K
at each iteration, avoiding the need for de (). However, the
adaptive strategy requires calling Algorithm 1 multiple times
and executing many iterations of the power method to estimate
the error between ® and USUT. Therefore, it is unsuitable
for our experimental settings, where RNP must be computed
on-the-fly. We found that using a fixed, moderate K works well
in practice.

Fig. 6(a) presents the number of iterations within CG in
the image deblurring task with Gaussian blur and p = 0.5 on
the leaves image for different K. For K > 20, the number of
iterations within CG did not change significantly. Notice that
at the 7th iteration, /' = 20 requires significantly more CG
iterations than other iterations, where the preconditioner is not
very effective. However, the required number of CG iterations
is still much lower than in the case without a preconditioner. In
general, a larger K would yield a more effective preconditioner,
but it also increases the computational cost to compute and
apply. Fig. 6(b) shows the reconstructed PSNR values versus
wall time, where clearly KX = 300 required more wall time than
the others. Moreover, K = 50 and K = 100 performed better
than the others. Since K = 100 performed slightly better than
K = 50, we simply set ' = 100 in this subsection.

4) Comparison of GKS and ADMM: We compared the per-
formance of IRM with RNP (w-20), GKS [30], and ADMM
for p = 0.5, 1 on the super-resolution task with the bike image.

Fig. 7 presents the cost values in terms of number of iterations
and wall time. Fig. 7(a) and (c) show that w-20 is the fastest al-
gorithm in terms of iterations. Compared to w-20, GKS requires
significantly less computation per iteration. Indeed, Fig. 7(b)
indicates GKS converged fastest than the other methods in terms
of wall time for p = 1. However, for p = 0.5, we observed
that w-20 converged faster than GKS in terms of wall time
illustrating the effectiveness of using RNP for acceleration when
the problem becomes more challenging.

B. Computed Tomography Reconstruction

We studied the performance of using RNP for CT recon-
struction with three different regularizers: wavelet, TV with
¢ = 1, and HS;, norm. Moreover, we also compared our method
with the ADMM algorithm [38]. For HS;, we mainly studied
¢ = 1. We used the “daub4” wavelet with 4 levels in the “pywt”
[68] toolbox. The Operator Discretization Library (ODL) [69]
was used for the CT forward model. We investigated both
parallel-beam and fan-beam acquisition geometries with 100
projections. For both geometries, the reconstruction space was
uniformly discretized on [—20, 20] x [—20, 20] cm? with a res-
olution of 512 x 512. In the parallel-beam case, projection data
were collected over uniformly spaced views in [0, 180°], using
a linear detector with 1024 bins spanning [—40, 40] cm. In the
fan-beam case, projection data were acquired over uniformly
spaced views in [0, 360°], with a linear detector of 1024 bins
covering [—60, 60] cm. We scaled two slices from subject “067”
in the AAPM CT Grand Challenge data [70] to [0,1] as the test
images; see Fig. 9. The projections were generated by applying
the forward model and then adding Gaussian noise with zero
mean and variance 10~%. Due to the page limit, the supplement
shows the reconstruction results for Fig. 9(b) and for the fan-
beam geometry. Again we use “w/0” to denote results without
using RNP, while “w-K"" denotes RNP with sketch size K.

Table II summarizes the wall time for computing RNP for
different acquisitions with various regularizers on both CPU
and GPU computational platforms, clearly highlighting the
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Fig. 11. Comparison of using RNP and ADMM for wavelet based CT
reconstruction. w/o denotes the one without RNP.
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Fig. 12.  Comparison of using RNP and ADMM for TV based CT reconstruc-
tion. w/o denotes the one without RNP.

advantage of using the batch mode and the GPU computational
platforms. In general, a larger K would yield a faster conver-
gence in terms of iterations than a small K. Fig. 8 presents the
values of L[|x! — x*(|3 along the change of K with fan-beam
and parallel-beam acquisitions. Fig. 8 shows that by using RNP,
we can significantly reduce le? [x! — x*||% that one can expect
an acceleration. In this case, we observe that RNP becomes
less effective atreducing L [|x' — x*||3 when K > 100. More-
over, a larger K may slightly increase LY [|x" — x*|| but still
remains effective at reducing it. In practice, large K would
also increase the computation of applying RNP. Here we set
K = 20 for wavelet and TV-based reconstruction, and X = 100
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Fig. 13. Comparison of using RNP and ADMM for HS; based CT recon-
struction. w/o denotes reconstruction without RNP.
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Fig. 14. Comparison of using RNP, IRM, and GKS for wavelet based CT
reconstruction.
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Fig. 15. Comparison of using RNP and ADMM for TV based reconstruction
on the walnut data. w/o denotes reconstruction without RNP.

for HS-based reconstruction, because these values worked well
in practice.

Fig. 11 presents the comparison of using RNP for wavelet
based CT reconstruction. Fig. 11(a) and (c) shows that w-20
converged faster than w/o in terms of iterations, illustrating
the effectiveness of using RNP. Moreover, Fig. 11(b) and (d)
shows that w-20 converged faster than w/o in terms of wall time,
demonstrating the wall time for solving the related WPM with
Theorem 1 is negligible. Fig. 12 presents the results of TV-based
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Fig. 16.
4, 6, and 8) show the reconstructions without (respectively, with) RNP.

reconstruction that shows similar trends as in wavelet-based
regularization. Obviously, ADMM is the slowest algorithm in
these comparisons. Fig. 10 illustrates the reconstructed images
at iterations 10, 20, 40, and 60, for both w-X and w/o.

Since TV based reconstruction will introduce blocking arti-
facts [34], we included the study of HS norm based reconstruc-
tion. Fig. 13 shows the results of HS; based reconstruction,
where we observed that using RNP accelerated the conver-
gence compared to not using RNP. Moreover, we observed
that HS; yielded a higher PSNR than wavelet and TV regu-
larizers. The supplementary material reports the performance
of HS, and HS,, based reconstruction that trended similar to
HS;.

1) Comparison of IRM and GKS: We compared the perfor-
mance of WAPG using RNP with IRM and GKS for wavelet-
based parallel-beam CT reconstruction. Fig. 14 presents the
cost values versus the number of iterations and wall time for
different methods. For IRM and GKS, the ¢; norm is smoothed,
but the cost values presented here are still computed with the
¢; norm. We observed that IRM is the fastest algorithm in
terms of the number of iterations. However, since IRM requires
higher computation per iteration, we found that w-20 is the
fastest algorithm in terms of wall time. Compared to IRM,
GKS significantly reduces the computational cost per iteration,
which s also validated in our experiment. However, we observed
that w-20 is still faster than GKS in terms of wall time in our
setting.

C. Computed Tomography Reconstruction With Real Data

We used the publicly available walnut CT dataset provided
by the Finnish Inverse Problems Society, which was acquired
with a fan-beam geometry [71]. The dataset includes a given
matrix A and the corresponding 120 projection measurements y.
We evaluated the effectiveness of RNP for image reconstruction
by solving (4) with TV-based regularization, with the sketch
size K = 100. In this experiment, we subsampled the data
and used only 40 projections. Fig. 15 shows the cost values
versus the number of iterations and wall time, demonstrating
our approach converged faster than others. Fig. 16 presents the
reconstructed images. Using RNP recovered sharper details than
APM without RNP at the same number of iterations, illustrating
the effectiveness of RNP. Because walnut data did not include
the ground truth image, PSNR values are not reported.

V. CONCLUSION AND FUTURE WORK

In this paper, we introduced RNP to accelerate variational
image reconstruction. Additionally, we showed how to effi-
ciently adapt RNP to solve reconstruction problems that involve

CT reconstructions of the walnut data using TV based regularization are shown at iterations 10, 20, 40, and 60. Columns 1, 3, 5, and 7 (respectively, 2,

nonsmooth priors. By leveraging modern GPU computational
platforms and PyTorch, we achieved an on-the-fly implemen-
tation, making RNP suitable for applications that require real-
time processing. We extensively evaluated the performance of
RNP on image deblurring, super-resolution tasks, and com-
puted tomography with various regularizers, demonstrating its
effectiveness and efficiency in accelerating variational image
reconstruction.

Extending RNP to magnetic resonance imaging (MRI) re-
construction presents an interesting future direction. Modern
MRI scanners use multi-coils to acquire k-space data, which
causes the forward model to change for each scan, requiring
the preconditioner to be computed on-the-fly. Additionally,
in functional MRI applications, the blood oxygenation level-
dependent (BOLD) contrast, which is sensitive to magnetic field
inhomogeneity, is primarily used. In some cases, images are
jointly reconstructed with the associated field maps [72], causing
the forward model to change at each iteration. Given RNP’s
on-the-fly implementation, we believe it holds great potential as
a preconditioner for acceleration.

In this paper, we considered impulsive noise, and set the
data-fidelity term to be the £, norm with p < 1. Another inter-
esting direction for future work is to incorporate deep learning to
address this problem. Developing a novel PnP/RED framework
for impulsive noise would be an exciting research direction.

APPENDIX A
EXAMPLES OF ||Lx|[1,4

Let X € RN1*N2 pe the matrix form of x, where x is the col-
umn stacking of X. So if L represents the first-order differential
operator, we have G = [N and

XZ q — X‘l_ q
v, = J 1.y 7
Xij = Xij-1

with [ =35 N;+4 and X;; denotes the component of
X at the ith row and the jth column. So for ¢ =1
(respectively, ¢ =2), we have |Lx|:1=>[X;;—
X1+ 11X — X j-1] (respectively, |ILx|12 =
Zl \/(Xz"j — Xz‘,lhj)Q + (Xi,j — XiJ,l)z), which represents
the anisotropic (respectively, isotropic) total variation.

If L represents the second-order finite-difference operator, we
have

1,12
v, = v

- 21 22| 7
vt
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with [ :]Nl + 7 and 'Ulll = Xiflyj — 2Xi,j + X_iJr]’j? Ul22 =

12
i1 =24+ Xij1, vy

21_1
= vt =7 (Xig1,j+1—Xig1,5-1

— X141+ Xio1j-1). Thus [[Lx[l1 g = >~ [[villg-
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